Abstract. Fatigue crack damage depends on a number of stress range cycles. This is a time factor in the course of reliability for the entire designed service life. Three sizes are important for the characteristics of the propagation of fatigue cracks -initial size, detectable size and acceptable size. The theoretical model of fatigue crack progression can be based on a linear fracture mechanic. Depending on location of an initial crack, the crack may propagate in structural element e.g. from the edge or from the surface. When determining the required degree of reliability, it is possible to specify the time of the first inspection of the construction which will focus on the fatigue damage. Using a conditional probability and Bayesian approach, times for subsequent inspections can be determined. For probabilistic modelling of fatigue crack progression was used the original and new probabilistic method -the Direct Optimized Probabilistic Calculation ("DOProC"), which uses a purely numerical approach without any simulation techniques or approximation approach based on optimized numerical integration.
Introduction to probabilistic computation
In process of designing a structure under static or dynamic loads [1] , various reliability criteria should be met in accordance with the relevant standards. Common studies of the misalignment of failure probability Pf (or the reliability index E) over time tend to focus only on structural details, however, a comprehensive probabilistic methodology generally applicable to bridge structures is currently missing. Numerous stochastic methods, which enable the determination of failure probability, respectively the reliability index, have been developed [2] . A substantial part of these methods are based on the crude Monte Carlo simulation method (MC), whose disadvantage is poor efficiency due to the need of a high number of simulation steps. Advanced and stratified simulation methods, for e.g. Markov chain Monte Carlo simulations (MCMC), also applied in fatigue damage prognosis, strive to increase the efficiency of these computational methods. An alternative solution is the evaluation of reliability using the reliability index, which can be efficiently determined using the Latin Hypercube Sampling method (LHS). The LHS method is capable of evaluating the reliability index from a small number of simulation steps (hundreds to thousands).
Another category of stochastic approaches for the quantification of the reliability of structures are represented by methods, which determine the failure probability on the basis of numerical integration, for e.g. the Direct Optimized Probabilistic Calculation methodDOProC, which was comprehensively published, e.g. in [3, 4] . It appears that this method is very effective for many probabilistic problems. It is also distinguished by higher accuracy than that of simulation methods, resp. approximation ones. This calculation method was applied in the solution of some engineering problems, among others, the assessment of reliability of steel bridge structures loaded by fatigue [5] . Probabilistic modelling of fatigue crack progression leads to designing a system of regular inspections of structures [6] .
Fatigue crack propagation using linear fracture propagation
When investigating into the propagation, the fatigue crack that deteriorates a certain area of the structure components is described with one dimension only a [7] . In order to describe the propagation of the crack, the linear elastic fracture mechanics is typically used. This method defines the limit of propagation rate of the crack (da/dN) and range of the stress rate coefficient in the face of the crack using the Paris-Erdogan law [8] :
where C, m are material constants, that are determined experimentally [9] , a is the crack size, N is the number of loading cycles and 'K is the stress rate coefficient. The fatigue crack will propagate in a stable way only if the initial crack a0 exists in the place where the stress is concentrated. This place is located, e.g., at the edge or on the surface of the element.
Having modified (1) according [5] , the following formula will be achieved:
where number of cycles from N1 to N2 is needed to increase the crack from the a1 to a2, 'V stress range, and F(a) is the calibration function which represents the course of propagation of the crack. Depending on location of an initial crack, the crack may propagate from the edge or from the surface [10] .
Probabilistic reliability assessment
Three sizes are important for the characteristics of the propagation of fatigue cracks. The first size is the initiation size of the crack a0 that corresponds to a random failure in an element subject to random loads. Existence of the initiation cracks during the propagation should be revealed, along the detectable length of the crack ad, during inspections. The crack propagates in a stable way until it reaches the third important size -acceptable length of the crack aac, which is a limit for the required reliability.
The primary assumption is that the primary design should take into account the effects of the extreme loading and the fatigue resistance should be assessed then. This means, the safety margin is defined e.g. by:
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where R is the random resistance of the element and E represents random variable effects of the extreme load. The probabilistic methods should be used for the investigation into the propagation rate of the fatigue crack until the acceptable size is reached because the input variables include uncertainties and reliability should be taken into account. If the length of the crack length a1 in (2) equals to the initial length a0 and if a2 in (2) equals to the acceptable crack length aac, the left-hand side of (2) can be regarded as the resistance of the structure -R:
Similarly, it is possible to define the cumulated effect of loads that is equal to the right side (randomly variable effects of the extreme load) of (2):
where N is the total number of oscillations of stress peaks ('V) for the change of the length from a0 to aac, and N0 is the number of oscillations in the time of initialisation of the fatigue crack (typically, the number of oscillations is zero). It is possible to define a reliability function Gfail :
where X is a vector of random physical properties such as mechanical properties, geometry of the structure, load effects and dimensions of the fatigue crack. The analysis of the reliability function (6) gives a failure probability Pf, which equals to:
Design of structural inspection system
Because it is not certain in the probabilistic calculation whether the initiation crack exists and what the initiation crack size is and because other inaccuracies influence the calculation of the crack propagation, a specialised inspection is necessary to check the size of the measureable crack in a specific period of time. The acceptable crack size influences the time of the inspection. If no fatigue cracks are found, the analyses of inspection results give conditional probability during occurrence. While the fatigue crack is propagating, it is possible to define following random phenomena that are related to the growth of the fatigue crack and may occur in any time, t, during the service life of the structure: U(t) phenomenon: No fatigue crack failure has not been revealed within the t-time and the fatigue crack size a(t) has not reached the detectable crack size, ad . This means:
D(t) phenomenon:
A fatigue crack failure has been revealed within the t-time and the fatigue crack size a(t) is still below the acceptable crack size aac. This means:
F(t) phenomenon: A failure has been revealed within the t-time and the fatigue crack size a(t) has reached the acceptable crack size aac. This means:
If the crack is not revealed within the t-time, this may mean that there is not any fatigue crack in the structural element. This might be also an initiative phase of nucleation of the fatigue crack (when a crack appears in the material) and this phenomenon is not taken into account in the fracture mechanics. Even if the fatigue crack is not revealed it is likely that it exists there but the fatigue crack size is so small that it cannot be detected under existing conditions. Using the phenomena above, it is possible to define following probabilities: The probability that the failure is not detected within the t-time, this means the probability that the fatigue crack size a(t) is below the measurable crack size ad :
The probability that the failure detected within the t-time has the crack size a(t) that is less than the acceptable size aac:
The probability that the failure occurs within the t-time, this means the probability that the fatigue crack size a(t) reaches the acceptable size aac:
Those three phenomena cover the complete spectrum of phenomena that might occur in the t-time. This means:
The probable course of the growth of the fatigue crack is shown in Fig. 1 . The probabilities (11) -(13) can be determined in any period of time, t, using the probabilistic methods. The probabilistic calculation is carried out in time steps where one step typically equals to one year of the service life of the structure. When the probability of failure P(F(t)) reaches the designed failure probability Pd [11] , an inspection should be carried out in order to find out fatigue cracks, if any, in the structural element. The inspection provides information about conditions of the structure. Such conditions can be taken into account when carrying out further probabilistic calculations. The inspection in the t time may result in any of the three mentioned phenomena.
Using the inspection results for the t time, it is possible to define the probability of the mentioned phenomena in times T > tI. For that purpose, the conditional probability should be taken into consideration. If the event of interest is A and the event B is known or assumed to have occurred, probability of A under the condition B is: In order to specify the time for the next inspection, it is necessary to determine the conditioned probabilities which can be expressed using the full probability rule:
where H1, H2, … Hn is a system of mutually incompatible phenomena, and A is the random event, which can occur simultaneously only with any of the phenomena Hi. For the probabilistic design of structural inspection system the phenomena H1, H2, … Hn represent events U, D and F. Bayes' theorem describes the probability of an event, based on prior knowledge of conditions that might be related to the selected event:
In (17) A and B are random events under analysis, P(A) and P(B) are the probabilities of observing A and B without regard to each other, P(A|B) is a conditional probability according (15), which define the probability of observing event A given that B is true, and P(B|A) is the probability of observing event B given that A is true. In the Bayesian (or epistemological) interpretation, probability measures a "degree of belief." Bayes' theorem then links the degree of belief in a proposition before and after accounting for evidence. For proposition A and evidence B, P(A) -the "prior", is the initial degree of belief in A, P(A|B) -the "posterior", is the degree of belief having accounted for B and the quotient P(B|A)/P(B) represents the support B provides for A.
With these findings it can be defined the probability of event F in time T with respect to the results of structural inspection in time tI:
and
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If re-distribution of stress from a point that is weakened by the crack is not taken into account, the crack propagation crack is usually rather high in the practical range of detectable values. If a fatigue crack is found during the inspection, it is necessary to monitor the safe growth of the crack or to take actions that will slow down or stop further propagation of the fatigue crack. In order to time the inspections well, (18) is most important. It defines the failure probability in T > tI provided that no fatigue cracks have been revealed during the last inspection. It is clear from the equation that the results of the failure probability are influenced by mutual relations between the three crack sizes -the initial crack size a0, measurable crack size ad and acceptable crack size aac.
The probabilities in (18) can be calculated in any T > tI time using probabilistic methods. When the failure probability (18) reaches the designed failure probability Pd, an inspection should be carried out in order to reveal fatigue cracks, if any, in the construction component. The inspection may result in one of the three mentioned phenomena with corresponding probabilities. The entire calculation can be repeated in order to ensure welltimed inspections in the future. Fig. 2 . Principle of the performing the numerical operations with the histograms of two random variables, which is similar to computation of structural resistance R (4) or load effect E (5).
Probabilistic computation using DOProC method
The basic computation algorithm of DOProC is based on general terms and procedures used in probabilistic theories. Let the histogram B be an arbitrary function f of histograms Aj where j ranges from 1 to n. Then:
Each histogram Aj consists of ij interval, where ij ranges from 1 to Nj. Performing these numerical operations of the probabilistic calculation with two random variables A1 and Aj expressed by histograms is shown in scheme in the Fig. 2 .
The number of intervals ij in each histogram of the random variables Aj can be similar as the number of iB intervals in the histogram of the resulting random variable B. The number of intervals is very important for the total number of needed numerical operations and required computing time. On top of this, the accuracy of the calculation depends considerably on the number of intervals. If there are too many random quantities, the tasks require too much time even if advanced computational facilities are available. Therefore, efforts have been made to optimize calculations in order to reduce the number of operations, while retaining reliable calculation results (for details see [3] ).
Using this probabilistic approach is possible to determine the probabilities of random events U, D and F according (11) - (13), and, of course, using conditional probability (18) and the time of the designed failure probability Pd the time of the inspections focused on the structural elements susceptible to fatigue damage (see Fig. 3 ). 
Conclusion
Propagation of the fatigue cracks and possible prediction of such propagation in time since the start of variable loading effects is the case when probabilistic methods must be used because too many uncertainties influence the determination of the input values.
The computation uses the newly developed Direct Optimized Probabilistic Calculation ("DOProC"), which appears to be a very efficient tool to make probabilistic assessment of the structural reliability on the basis of the exact definition of the acceptable size of the fatigue crack.
The DOProC method and its application in probabilistic prediction of fatigue crack damage can considerably improve estimation of maintenance costs for the structures and bridges subject to cyclic loads. If this methodology is developed further, the goal of investigations seems to be, in particular, application of Bayesian networks in the computational model [12, 13] , which describes propagation of fatigue cracks in the system. This contribution has been developed as a part of the research project GACR 17-01589S "Advanced computational and probabilistic modelling of steel structures taking account fatigue damage" supported by the Czech Grant Agency and also has been completed thanks to the financial support provided to VSB-Technical University of Ostrava by the Czech Ministry of Education, Youth and Sports from the budget for conceptual development of science, research and innovations for the 2017 year.
